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Introduction
Let K be a complete discrete valued field with residue field of characteristic p > 0. L/K be a finite Galois extension with Galois group G. Suppose that k L /k K is separable. When K is of characteristic zero, Hesselholt conjectured in [4] that the proabelian group {H 1 (G, W n (O L ))} n∈N vanishes, where W n (O L ) is the ring of Witt vectors of length n with coefficients in O L (w.r.t. to the prime p). As explained in [4] , this can be viewed as an analogue of Hilbert theorem 90 for the Witt ring W (O L ). This conjecture was proved in some cases in [4] and in general in [5] . In this paper we show that a similar vanishing holds when K is of characteristic p. The main result of this paper is as follows. Theorem 1.1. Let L/K be a finite Galois extension of complete discrete valued equi-characteristic fields with Galois group G. Assume that the induced residue field extension is separable. Then the pro-abelian group
In order to prove this conjecture one easily reduces to the case where L/K is a totally ramified Galois extension of degree p (see [5, Lemma 3.1] ). We make the argument in [5] work in the equicharacteristic case using an explicit description of the Galois cohomology of O L when L/K is an Artin-Schreir extension (see Proposition 2.4).
We remind the reader that a proabelian group indexed by N is an inverse system of abelian groups {A n } n∈N whose vanishing means that for every n ∈ N, there exists an integer m > n such that the map A m → A n is zero (see [6, Section 1] ). This is clearly implies the vanishing of lim
It also implies the vanishing of 
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Cohomology of integers in Artin-Schreier extensions
Let K be a complete discrete valued field of characteristic p as before. Let O K and k denote the discrete valuation ring and residue field of K respectively. Let L/K be a Galois extension of degree p. Recall that the ramification break (or lower ramification jump) of this extension, to be denoted by s = s(L/K), is the smallest non-negative integer such that the induced action of Gal(
, II, 4.5). Thus unramified extensions are precisely the extensions with ramification break equal to zero. We recall the following well known result. Proposition 2.1. (see [3] or [7, Proposition 2.1]) Let L/K be a Galois extension of degree p of complete discrete valued fields of characteristic p. There exists an element f ∈ K such that L is obtained by joining a root of the polynomial
Further one can choose f such that v K (f ) is coprime to p. In this case
where s is the ramification break of Gal(L/K).
We now fix an f ∈ K given by the above proposition. Clearly, if v K (f ) > 0 then by Hensel's lemma X p − X − f already has a root in K. If v K (f ) = 0 then the extension given by adjoining the root of this polynomial is an unramified extension.
Thus any element x ∈ L can be written uniquely in the form
Thus
This proves the claim.
Lemma 2.3. Let p be a prime number as before. Let
Proof. The first congruence follows from the recursive formula (see [8, (4) ])
and using the fact that when k ≤ p − 2, k + 1 is invertible modulo p. (2) follows from Fermat's little theorem.
We now state an explicit description of
denote the set of all trace zero elements in O L and 
.(by Lemma 2.3). This together with Proposition 2.2 proves (1). (2) Suppose
x = p−1 i=1 a i λ i ∈ (σ − 1)O L . Then p−1 i=1 a i λ i = (σ − 1) p−1 i=1 b i λ i , where v K (b i ) ≥ is p
by (2.2). This gives us the following system of p equations
Conversely assume
These b ′ i s satisfy the above system of p equations.
The following corollary is the equi-characteristic analogue of [ be an element that defines a non zero class in
Proof. We will show that for any By (2.4) , we may write
This shows that v L (a i ) ≥ (i+1)s which by Proposition 2.4 implies x ∈ (σ −1)O L , and hence defines a trivial class in
Proof of the main theorem
Following [5, Lemma 3.1], we reduce the proof of the main theorem to the case when L/K is totally ramified Galois extension of degree p. Thus throughout this section we fix an extension L/K which is of this type. We also fix a generator σ ∈ Gal(L/K). We first define a polynomial G ∈ Z[X 1 , ..., X p ] in p variables by
Note that despite the occurence of
, G is a polynomial with integral coefficients.
The expression F (x) is formally equal to the expression
and makes sense in characteristic p since G has integral coefficients. Moreover, since for any x ∈ L, F (x) is invariant under the action of Gal(L/K), F (x) ∈ K. We now observe that [4, Lemma 2.2] holds in characteristic p in the following form , it is enough to show that for large n, the map
is zero. By (2.5), it is enough to show that for large n
Using the formula for addition of Witt vectors, one analyses the above equation and obtains (see [5, Lemma 3.5] )
where C is a fixed integer and h ℓ−2 is a polynomial in x 0 , ..., x ℓ−2 and its conjugates such that each monomial appearing in h ℓ−2 is of degree ≥ p 2 . Using the above equation, Lemma 3.1 and [4, Lemma 2.1] one proves the theorem in the following three steps, for details of which we refer the reader to [5, Proof of 1.4].
Step 1. We claim that for 0
Recall equation (1) (1), is then used to observe v K (h ℓ ) ≥ s(p − 1) for all ℓ.
Step 2. In this step we show that for 2 ≤ i ≤ n − 1
This is proved by induction on i, using equation (1) and the estimates
obtained in Step 1.
Step 3. Since values taken by v L is a discrete valuation, for an integer M such that s(p − 1)
